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ABSTRACT

The problem confronted in this thesis is to develop
a method or procedure to be used in determining the
amount of design freedom that is available in any given
linear feedback control system by working with the signal
flow-graph representation of the system.
Literature was reviewed that deals with basic signal
flow-graph theory and degrees of design freedom.

Signal-

flow-graph theory that forms a foundation for the
development is presented.
The development consists of starting with an
essential signal-flow graph of order one.

The sensi

tivity and transmittance functions are written for this
essential graph in terms of graph symbols; then these
functional relationships are solved to give each graph
symbol in terms of graph functions.
A procedure is written for the use of the derived
equations in determining design freedom and examples are
used to illustrate the procedure.

Discussed briefly is

the possibility of applying this procedure to systems
represented by signal-flow graphs of order greater than
one.
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INTRODUCTION

T

Linear feedback control systems are portrayed by
various techniques*

Two of these techniques,

the block

diagram and the signal-flow graph, portray the system
from a very useful cause-and-effect viewpoint.

The block-

diagram and signal-flow-graph representations are quite
similar but the chief advantage of the signal-flow graph
over the block diagram is the ultimate simplicity of its
form.

The essential purpose of the signal-flow graph is

to portray, in detail,

the topology of the signals.

Signal-flow-graph theory is relatively new,

reaching

its present state of development from its origin during
the past decade.

It is very useful in either analysis or

design of linear feedback control systems*

Two types of

functions, which are part of this theory, are important
in design considerations because they represent a quanti
tative measure of the design freedom of a system.

These

functions are the graph transmittance functions and the
sensitivity functions*

The number of degrees of design

freedom refers to the number of these functions that may
be independently controlled or specified by the designer.
A signal-flow graph portrays the interdependencies
of the signals.

From the signal-flow graph,

the graph

transmittance functions and sensitivity functions of

2

interest are expressed in terms of branch transmittances.

From these functions the amount of design free

dom is determined by observing each branch transmittance
as it appears in the functions*

This observation is

primarily concerned with determining what branch trans
mittance m a y be utilized to specify a particular function.
The object of this thesis is to present a method of
determining the design freedom of a linear feedback con
trol system that will avoid having to express all of the
functions of interest in terms of branch transmittances
and then to determine what branch transmittances are use
ful in meeting design requirements.

The method to be

presented will first require that the signal-flow graph
be reduced to an essential signal-flow graph and then the
design freedom may be determined b y either direct corre
spondence of essential signal-flow graphs or direct
application of derived relationships.

The method presents

each branch transmittance in terms of the graph functions
rather than each graph function in terms of branch trans
mittances •
It is important to the designer to know how much
design freedom is available in a given system configura
tion.

Xf he has an easy method for determining how many

degrees of design freedom and what particular functions
can be independently realized in a given system
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configuration,

then ho can determine immediately whether

this configuration is sufficient to meet the require
ments of his control problem.

Knowledge of design free 

dom might also prevent the designer from using a more
complex configuration than was necessary to solve his
problem•
Xn this thesis a method is developed by which the
design freedom available in a signal-flow-graph repre
sentation of order one can be readily determined.

This

design freedom m a y be determined in terms of the trans
mittance function between any two nodes in the system and
the sensitivity of any transmittance function with respect
to any branch transmittance.

IX.

REVIEW OF LITERATURE

The past decade has seen a major addition to the
methods for the representation of linear feedback
control systems.

Among the methods used,

flow-graph representation (l)*,

the signal-

(2 ) stands out, because

it pictures the system in more detail than a block
diagram, but still retains the visual representation of
the flow of signals through the system.
Very important are the reduction techniques (3) that
were developed for signal-flow graphs.

A signal-flow

graph may be partially or completely reduced by a series
of el ementary transformations.
essential signal-flow graph,

It may be reduced to an

that is a signal-flow graph

with the minimum number of essential nodes, b y an
inspection method.

A signal-flow graph may be reduced to

a single graph transmittance, which is termed a trans
mittance function, by M a s o n 1s formula.
The transmittance functions and sensitivity functions
(3 ), (U) are also an important part of signal flow graph
theory.

Every complete design should include both func

tions (5 )•

A design that is concerned only with specify

ing a certain transmittance function may be highly
sensitive to slight changes in system parameters.

♦All references appear in the Bibliography.

Likewise
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a design based on the sensitivity function alone may
have an undesirable system gain*
The determination of design freedom involves directly
the signal-flow-graph transmittance functions and sensi
tivity functions.

The number of degrees of design free

dom has been defined (5 ) to be equal to the number of
transmittance functions and sensitivity functions that
may be realized independently in a given system.

This

design freedom is a measure of just how difficult a control
task a given system can perform (6 ).
Knowing only the number of degrees of design freedom
available in a given system configuration is not sufficient
in most design situations.

It is necessary to know not

only the number of system functions that may be realized
independently but also which particular functions can be
realized independently (7)«

If a design problem states

that two functions are to have specific values then the
system configuration to be used must contain the speci
fied functions as independently realizable functions.
This chapter has been presented to show the
significance of signal-flow-graph theory in design con
siderations.

The concept of design freedom is a useful

aid to the designer;

therefore, an easy method for deter

mining the design freedom available in a given system con
figuration should also be useful.

6

III.

SIGNAL-FLOW-GRAPH THEORY

This chapter will include a brief review of signalflow-graph theory.

To be included are some general

characteristics of signal-flow graphs, an introduction
to the essential signal-flow graph of order one,

the

transmittance function, and the sensitivity function, all
of which are pertinent to the development in chapter IV.
If a treatment of signal-flow-graph theory in detail is
desired, refer to (3 ) and (4).
A signal-flow graph is an array of nodes that are
interconnected by directed branches.

Each node represents

a variable and each branch represents a branch trans
mittance.

Seme of the important characteristics of a

signal-flow graph are as follows:
(a)

Signals travel along the branches only in the
direction of the arrows.

(b)

A signal traveling along a branch is multiplied
by the transmittance of that branch.

(c)

The value of the variable represented by any node
is the sum of all signals entering the node.

(d)

The value of the variable represented by any node
is transmitted on all branches leaving that node.

(e)

Removal of a node involves the removal of all
branches leaving that node.

(f)

Essential nodes are those that have to be removed
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to eliminate all feedback loops*
(g)

The order of a signal-flow graph is equal to the
minimum number of essential nodes.

(h)

A source node has only branches leaving it.

(i)

A sink node has only branches entering it.

(3 )

A branch transmittance is represented by t.

(k)

A path transmittance is equal to the product of
all branch transmittances in the path and is
represented by p.

(l)

P represents a sum of parallel paths.
Any signal-flow graph of order one can be reduced

easily to an essential signal-flow graph of order one
which has the form of Fig. 3*1*

L

Fig. 3*1*

kk

Essential-Signal-Flow Graph of Order One
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The essential signal-flow graph of order one
contains one source node, one sink node,
essential node.

and one

Each capital letter w i t h a double sub

script represents the sum of the path transmittances
of only the paths that go from the node represented by
the first subscript to the node represented b y the
second subscript without going through a n y other node
that appears on the essential signal-flow graph.
For a general signal-flow graph of order one,
transmittance function

the

w h i c h represents the response

at node (3 ) divided b y the excitation at node (i) is
given as

I PfcAc
k«l
A

(3.1)

Pk is equal to the p ath transmittance of the k-th p ath
from node (i) to node

(j).

2^ is the graph determinant w h i c h for a signal-flow
graph of order one is equal to one minus the sum of the
loop transmittances.
Ac

is the path factor of the k -th path and is equal to

the graph determinant that remains when the k-th path is
removed
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In E q . (3*1) •

be used to represent
f

_

k»l

PA

to give

(3.2)

ij
A

The transmittance from a source node to a sink node
will be called a primary transmittance function and the
transmittance from an intermediate node to a sink node
will be called a secondary transmittance function.
One fundamental reason for using feedback is to
reduce the change in a desired system transmittance
function,

caused by a change in a branch transmittance.

As a quantitative measure of the benefits of the feedback,
the sensitivity function is used.

The defining equation

for the sensitivity function is expressed as

«T
3 In T
t “ x — ---9 In t

( 3. 3)
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Eq.

(3-3) may also he written as

t
T

9t
__
9t

.

(3.it)

or as an approximation when f is very small

T
5.

-

4T/T
___
St/t

(3-5)

Equation (3*5) can be readily interpreted as a relative
change in a transmittance function

(T) divided by a

relative change in a branch transmittance (t).
B y substituting Eq.

(3*2) into Eq. (3-3) it follows that

ij
8

in( ^ - )

(3.6)

9 In t

also

In

ln Zii “ I" A

(3.7)
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then

ij

3 In

3 1° A

d In t

3 In t

But, b y definition,
equation

(3.8)

each term on the right-hand side of

(3*8) is a sensitivity function;

therefore

ij
(3-9)

It can be seen from Eq.

(3-9)

that the sensitivity

function in terms of signal-flow-graph symbols is actually
a difference of two sensitivity functions.
No attempt has been made in this chapter to treat
signal-flow-graph theory in detail, but the phases of
signal-flow-graph theory that will be utilized in the
development that follows in the next chapter have been
discussed briefly.
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IV.

FREEDOM O F DESIGN

The problem presented in this chapter involves the
development of a method for determining easily and
effectively how m uch freedom of design is possessed b y
a linear feedback control system b y analyzing its signalflow-graph representation.
Most of the design work concerned w i t h the role of
the system configuration in design has involved degrees
of design freedom that include primary and secondary
transmittance functions and the sensitivity of these
functions w i t h respect to a plant.

The sensitivity of

the transmittance functions w ith respect to compensating
elements has been neglected.

This type of approach seems

to assume that the elements which are used in the design
are non-varying.
element,

It w o uld be quite possible for an

that was used to specify a particular sensi

tivity function w i t h respect to the plant,

to deviate

enough from its nominal value to create more of a disurbance at the output than would have been caused by a
change in the plant.
The development presented here will be concerned
w i t h design freedom in general.

This will include the

numb e r of degrees of design freedom and the number of
b r a n c h transmittances

that m a y be utilized in each degree
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of freedom.

The transmittance functions both, primary

and secondary will be considered and the sensitivity
function with respect to each branch transmittance,
whether it represents a plant or a compensating element,
will be considered.

No branch transmittance will be

chosen to represent a plant in the general develop
ment and each branch transmittance will be treated as a
transmittance that may be specified in the design.
The development will begin with the formulation of
the transmittance functions and sensitivity functions for
the essential signal-flow graph of order one (Fig. 3*1)*
Applying Eq*

(3 .2 ) to Fig 3*1 gives

+ Pik Pkj Aikj
T

ij

A
The graph has one feedback loop with a loop transmittance
equal to

h

so the graph determinant is given as

“

1 - L.kk

(h.z)

Since removal of the path containing

does not affect

the graph determinant then

A ij

-

A

(»*.3)

The removal of the path that contains P ^

and P ^

breaks

the feedback loop J-^k an<* that path factor becomes unity

A ik3

=

1

Substituting Eqs.
leads

(^.^)

(4.2),

(4.3)* and (4.4) into E q . (4.1)

to

(4.5)

Eq.

(4.5) represents the general form of the primary tran

mittance function from the source node to the sink node
of an essential signal flow graph of order one.
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Now the sensitivity functions that are associated
with this primary transmittance function will be formulated.

First the sensitivity of this transmission

function with respect to the pat h P . . will be found by
13

applying Eq,

(3*9) to give

(4.6)

Working w i t h the second term of the right hand side of
Eq.

(U.6) by use of Eq,

(3*k) gives

(U.7)
Pi3

^

Substituting Eq.

9 p..
iJ

(U.2) into Eq. (**.7)

P. .
13
i3

1-L kk

3

(4.8)
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B y assuming at the present time that each branch of the
essential graph is independent of all other branches then,

3

( 1 - L

8 P

k

k

(U.9)

)

i3

therefore

(if.10)
P i0

Now taking the first term from the right hand side ofEq.

o^i j
5

m

■D

Pij

•

U
3 pu

but,

■

p i 3 (1 ~L kk*

+

P i k P kj

(^•12)
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Then Eq.

(if.11) becomes

a [pi;j(i-L k k ^ +

ij
P. •
ia

pM ( 1 - L k k > + pi k pk j

B y taking the partial derivative, Eq.

P ikPkj|lt>

13)

9 P4J

(if. 13) becomes

pia ^ k k *
(4.14)

sJ-i j
Pi j (1-L kk> + p ikp kj

Substituting E q s . (if.10) and (if.lif) into Eq.

Pij *1-Lkk*
P ij

(if.6) gives

(4.15)

Pij (1-Lkk>

+ P ikP kj

Now a second sensitivity function will be determined:

13

li

-

S

ik

ik

(if.16)
ik

It follows that:

ik

3 <1- Lk k )

ik
(1-Lkk>

9

p

lk

14.17)
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and,

ik

a rp i j (i-Lk k > +pikpkji
. _ ± _______________
J (4. 1 8 )

p ij(1-Lk k > +pikpk J

a pik

which becomes,

P..P,
ik k 3.
P

(4.19)
ik

P ij<1-Lkk>

Substituting Eqs.

+ p ikpko

(**.17) and (if.1 9 ) into Eq.

(if.16)

yi e l d s :

P
P

ik

P
ik *kj

Pij^1 -Lkk^

(4.20)

+ Pi k Pkj

Next a third sensitivity function will be determined.

(4.21)

Its components are:

d U - L kk)

kj

(U.22)
9 p

kj

.
kj

and,

Pkj

SI* 3
kj

a [p i;)<1 -Lk k > +pik pka]

(b.23)
Pi

1 "L k k ^ +PikPkj

3 p. .
kj

or

P, . P . .
k j ik
w

(k.2k)
Pk j

P i j ( 1-Lkk ) + P ikP kj

thus E q . (**.2l) can be written as:
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Xt should b© noted at this point that the sensi
tivity functions that are represented by Eqs.

(4.20)

and (4.25) are identical thereby reducing the possible
number of independent functions*
Next to be determined is the sensitivity of the
primary transmittance w i t h respect to the self-loop of
the essential graph*

(4.26)
L kk

Lkk

The second term,

A

S

Ljck
Si

Lkfc

3 (l"L kk>

_________

(4.27)

1-Lkk

d L kk

is also given as

A
S

=
L kk

Lkk
_______
1-Lkk

(U.2 8 )
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The first term is

'kk

Ii
kk

3 L kk

pt j<1-Lkic^ +PikPiJ

or

L.kk
. P.io.

•ij

(J».30)

'kk

therefore Eq.

T
, ij
kk

Pi 3 (1-L k k )fPikPkj

(k.26) becomes:

'kk

Pij L kk
<i*.3X)

1-L

kk

Pi 3 (1-Lk k > +Pikpkj

The primary transmittance function and its
associated sensitivity functions have been expressed in
general form.

Quite often a secondary transmittance

function and its associated sensitivity functions are
also of interest since noise or disturbance signals may
enter the system at some point other than at the prin
cipal input and the secondary functions may be used to
determine their effects on the system output.
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The secondary transmittance function is given as

Tkj

Pkj A c j

*

-

(U.3Z)

A

a

but t

Ac j » 1

and

T. .

p .
kj

^

= 1-Lkk

so ,
-

( i t . 33)

1-Lkk

Expressing one of the sensitivity functions as

T
s kJ

*

Zk j
S
J
P ij

P ij
From Eq*

(^*10)

0

A
s
P. •
ij

( i t . 3^*)
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al so ,

9 Pko
d P

Therefore Eq.

id

(4.34) becomes

(U.36)

0

From Eq.

(4.35)

(4.36) it can be seen that the secondary trans

mission is completely independent of what is in the
path P ^ .
Next,

;Tk j

=

Pi k

From Eq.

s

A
p ik

sI k J
pi k

(4.17)

0

-

A
s
p xk
..

(4.37)

Evaluating the first term to be

9

ik

-kj
ik

p

9

kj

p

kj

(4.38)

ik

Then,

T
sT k j

(u .39)

p ik

N o w another sensitivity function is

. kj

Pkj

Pkj

From Eq,

S

(4.40)

Pkj

(4.22)

kj
Also ,
Akj
kj
P ka
kj

3
3

p
p

kj
. .
ka

(4.41)
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therefore

<*K^2)

This sensitivity function is not equal

to zero but it

is equal to a constant w hi c h renders it ineffective as far
as design freedom is concerned*
A fourth secondary sensitivity function will also be
found*

.
L kk

Repeating Eq*

s

z k3
J

s

Lkk

A
(U.U3)
L kk

(J**2 8 )

L

kk

and,
9
L

kk

p

0
9 L kk

(b.UU)
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Eq,

(if.if3) now becomes

L kk
(if.*5)

This completes the determination of both primary
a n d secondary graph functions.
expressed,

there are 6 useful,

Of the 10 functions
unlike functions with

which to work.

These are expressed in Eqs • (if.5)»

(if.20),

(if.33), and (if.if5).

(if.31),

(if.l5)t

Now the six useful equations will be manipulated in
order to express the four graph symbols in terms of graph
functions.
Substituting Eq.

(if.5) into Eq.

(if.15) gives

(if .if6)

thus

T
S i3
P
ij

(if,if7)
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Solving Eq.

(**.**5) for

gives

T. .
s kJ
•
L kk

“

k kk
----------s1 **

(**.**8)

+ i

L kk
(**.33) and (**.5) into E q . (**.25) yields

Substituting Eqs.

P

{**.1*9)

ik

Substituting E q . (**.**8) into E q . (**.33) yields

(^ .50)
1

Some other useful relationships will be given
From Eqs.

(**.20) and (**.2 5 )

T

T. 4
Si
p

ik

S *3
P.kj.

(^.51)

2d

idd Eq.

(if. 15)

T. .
S ij
P
ij

+

to Eq.

T. .
S x;>
P
ik

S u b s t i t u t i n g Eqs.

-

kk

(if.15)

kk

(if.36)

T, •
; kj
P. .
ij
Rewriting Eq.

and

(^.52)

1

T .
, kj

i• •
xj

F r o m Eqs.

(if.20 ) to obtain

a nd

(if.if5)

into B q . (if 31)

(U.53)

1 - S

L

a

(if.39)

kj

S
P

gives

<i*.5iO

ik

(if.if2)

;T kj

( i » . 55)

Pkj
The equations numbered from (if. if?) through ( i t . 55)
be used in the design— freedom analysis*
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So far the o n l y sensitivity functions considered
have been with respect to a symbol w h i c h represents a
sum of individual p ath transmittances.

How the sensi

tivity w i t h respect to an individual p a t h is related to
the sensitivity w i t h respect to a sum of paths will now
be determined.
Let P be a sum of paths that includes the individual
pa th p .
Then

T

9p

S

(Jt.56)
P

9p

Rearranging Eq.

T

(U.5 6 )

P

3t

p

3p

S

(^.57)
P

T

3p

p

3p

Ther e f o re :
T
S
P

P

T
*

.

S
P

s

(U.58)
P

30

but

P

3p

P

P

dp

P

(^.59)

then

JP.
P

(if•60 )

As shown in E q . (if.60) the sensitivity with respect to an
individual path is equal to the sensitivity with respect
to the sum of paths multiplied by the fractional part of
the sum that the individual p a t h represents.
Since an individual path may also be a product of
branch transmittances when it is necessary to determine
h o w the sensitivity w ith respect to a branch is related
to the sensitivity with respect to the path that includes
the branch.
Let p represent a path that contains the branch trans
mittance t.
t

3p

p"

^t

(2*.6 1 )

31

9p

p

9t

t

If p is a product of t*s then

and

S

P

-

(**.6 2)

1

t

It follows that:

T
S

T
S
P

*
t

Hence,

(**.63)

the sensitivity with respect to a branch is equal

to the sensitivity with respect to the path that contains
the branch.

If a path on the essential graph contains

only one path then E q . (**.6 3) reduces to:

T
S

t

T
S
P

(**.6**)

Near the beginning of this development, a major
assumption was used so that the partial differentiation
could be performed.

The assumption was that each path on

the essential flow graph is not a function of any of the
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other paths.

It shall be shown here how the derived

equations are useful even when the assumption is not
correct.

If a branch transmittance appears in two

different essential-graph paths,

then the total sensi

tivity with respect to the branch transmittance can be
determined as

T

(h.65)

S
t

Eq.

(^.6 5 ) states that the total sensitivity of the trans

mittance function with respect to a branch transmittance
is equal to a sum of sensitivity functions where each
sensitivity in the sum is wit h respect to a particular
appearance of the branch transmittance in the essential
signal flow graph.

This equation is based on super

position and will be useful as long as the transmittance
function is a bilinear function of the branch trans
mittance,

that is, a ratio of two linear functions of

the branch transmittance.

The numerator of the trans

mittance function will always be a linear function of
the branch transmittance since it is a sum of products
a n d each product is a path times its path factor which
cannot contain any part of the path.

The denominator

is also a linear function of the branch transmittance
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because any product that occurs in the signal flow
graph determinant is a product of noninteracting loops.
Therefore the transmittance function will always be a
bilinear function of the branch transmittance and the
superposition idea which is expressed b y E q . (if.6 5 ) can
be used to find the total sensitivity of a transmittance
function with respect to a branch transmittance when the
b r anch transmittance appears at two different places in
the signal-flow graph.
Now that equations have been derived to treat
various aspects of the freedom of design that is avail
able in a general signal-flow graph of order one, an
analysis procedure will be tabulated.
An analytic procedure for the determination of the
number of degrees of design freedom available in a
system represented by a signal-flow-graph of order one
is as follows:
(a)

Choose three nodes that are of primary interest,
a source node, an essential node, and a sink node
Place these nodes in the same array as the nodes
of the usual essential-signal-flow graph of order
one.

By the inspection method,

redraw the signal

flow graph onto these nodes to form the essential
signal-flow graph of order one.

3h

(b)

If a branch of the essential-signal-flow graph
does not exist*

then the sensitivity of any

transmittance function with respect to that
branch also does not exist.

Evaluate the effect

that the missing branches have upon Eqs.

(*K**7)

thro ugh (U .55)•
(c)

The number of degrees of design freedom m a y be
evaluated by inspecting the Eqs.

(if*1*7) through

(**■.50)to determine how many signal— flow-graph
functions

(transmittance and/or sensitivity)

be specified independently.

can

Since a branch trans

mittance m a y appear in more than one branch of
the essential-signal-f low graph*

it is necessary

to express the essential-signal-flow graph symbols
in terms of their components.

The freedom with

which each signal-flow-graph function can be
specified is indicated by the number of different
branch transmittances that can be utilized in
specifying the functions.
The following examples will be presented to illus
trate the application of the preceding analytic procedure.
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Fig. If.l.

Si g n a l - F l o w G r a p h for E xample 1.

E xample 1.
C o n s ider Fig.

U.l which, is a simple signal-flow

graph of o r d e r one w i t h only o n e feedback path.

It can

be seen b y inspection that the m a x i m u m pos s i b l e n u m b e r
of deg r e e s of freedom for this

signal— f l o w graph is two,

since there are o n l y two b r a n c h transmittances that are
not specified.
Part

(a) of the design f r e e d o m p r o c e d u r e will be

a p p l i e d b y choosing the source n o d e 1,
a n d node 2 as

the essential node.

the sink n o d e U,

The s i g nal-flow g r a p h

w ill be redrawn upon these n o d e s to give the f o l l o w i n g
e s s e n t i a l - s i g n a l - f l o w g r a p h of o r der one.

Fig. U .2

An Ess e n t i a l Sign a l — Flow G r a p h o f O r d e r On e
for Fig. Jf.l
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Applying part (b) to Fig. 4.2, it is noted that P 11*
is equal to zero.
no t equal to zero

Since

* 0, from Eq.
^ik
jrefore S
*» 0 .
p nt

(4.47) T ^

is

Then from Eqs .
T l4
at

T 1U
s
P2U

P 12

and from Eq. (it.53
T 14
S A
L 22

m

T24
s *
L22

Now applying part (c), it is noted from Fig. 4.2
that

« -L02 thus solving Eqs.

(if.48) and (4.50)

gives

then t«? may be utilized to specify either a sensitivity
function or a secondary transmittance function.
Eq.

Then from

(4.49) and Fig. 4.2 it can be seen that t-g may be

utilized to specify the primary transmittance function T ^ .
It has been shown that Fig. 4.1 has two degrees of
design freedom with one branch transmittance for each
degree of design freedom.

If t ^ were a fixed trans

mittance such as a plant, then this system would become
what is commonly called a one degree of freedom system
which has poor control capability.
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Fig. 4.3*

Signal-Flow Graph, for Example 2.

Example 2*
Using the signal-flow graph of Fig. **.3 nodes 1, 3
and 5 will be used as the source node,
and sink node, respectively.

essential node,

The signal flow graph will

be redrawn upon these nodes to give the following
essential-signal-flow graph of order one.
*23*32 + * 2 3 * 3 ^ 2

Fig.

An Essential Signal-Flow Graph of
Order One for Fig. U.3*

Xn this example, part (b) consists only of
observing the fact that none of the branches are missing
in Fig. U.l*.
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From Fig* h.h,

31 t23t32 + t23t3*+t**2

whictl can

T r
be used to specify S. 33 as shown by Eq. (U*^8). From
L 33
Fig U.l* and Eq. (^.50), t^jj, t ^ c a n be used to specify
T^.

Similarly, from Fig.

(^.5) and Eq. (^.^9), *^2*23

can be used to specify T.^.

From Fig. k .b and Eq. (**.**7), t- - can be used to
T
specify S
.
15
As shown, four functions may be specified independ
ently thus giving four degrees of design freedom avail
able in Fig. U.3.

It is noted that the functions

indicated may be specified with varying amounts of freedom,
for instance, one function may be specified only by a
single branch transmittance, whereas each of two functions
may be specified by a product of branch transmittances,
and one function may even be specified by a sum of products
of branch transmittances.
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7
Fig. U* 5*

Signal-Flow Graph, for Example 3♦

Example 3
The signal-flow graph of Fig. ^.5 contains node 7
a n d node 8 which are a source node and a sink node other
than the normal system input and output.

This example

will be used to show the freedom of design in control
ling the response at node 8 due to some noise injected
into the feedback path from node 7»

The nodes 7» 2 a n d 8

will be chosen for the essential-signal-flow graph that
follows:
_t2 3 +t23t3 U t62

Fig. U.6

An Essential-Signal-Flow Graph of
Order One for Fig. Jf.5

ifO

A s

in

S^

(b )

8

-

o f

0

E xa m p le

,

s

an d

S

^78
‘
L 22

.

s

^

8

p78

-

s

p

CO

t h e r e f o r e

p a r t

T?8
P 28

72

T *8
L 22

Applying part (c), from Fig. if.6 and Eq.
“ t23 * ^23^2^62

(if.i*8)

T
can be used to specify S ^ .
L 22

From Fig. if.6 and Eq.

(if.50),

*23 can

use<*

specify T^g and from Fig. if.6 and E q . (if.if9)

can

be used to specify T^g.
With respect to the interior input and interior
pick-off point that were chosen,

the system of Fig. if.5

offers three degrees of design freedom.

Note that only

one of the three functions can be specified b y more than
a signal branch transmittance.
The preceding examples have been presented to show
how the essential-signal-flow graph of order one and the
equations that were derived in terms of the essential
branches could be used to determine the number of degrees
of design freedom that are available in a given system.
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V.

CONCLUSIONS

A procedure has been developed that will permit
easy evaluation of the amount of design freedom that
is available in a linear feedback control system.

This

procedure has been developed completely from a signalflow graph approach.

The results obtained by applying

this procedure show clearly two distinct types of design
freedom.

They are the number of graph functions that

m a y be specified independently in the design and the
freedom with which each function may be specified.
This procedure has flexibility in that the source
node and sink node of the essential signal-flow graph
do not have to represent the system input and system out
put but may be allowed to represent a disturbance input
to a n y point in the system and a measurement pick-off
from any point in the system.
This procedure has been developed for application to
a signal flow graph of order one.

A n y signal graph of

o r d e r greater than one would have to be reduced to a graph
of order one by signal-flow graph transformations before
the procedure could be applied.

A similar procedure could

be developed for a signal-flow graph of order greater than
one; however,

the number of equations involved would

increase considerably as the order of the signal-flow graph
is increased.

The examples used have shown two,
degrees of* design freedom.

three, and four

The freedom w ith w h ich each

signal-flow-graph function can be specified has varied
from a single branch transmittance to a sum of products
of branch transmittances.

Xt is also noted from the

examples that the procedure used would be useful in the
synthesis of a control problem.
functions are stated,

Once the desired

then the branch transmittances could

be synthesized to meet these requirements.
This concludes what is believed to be a simple and
useful approach to the determination of the design freedom
of a linear feedback control system that can be repre
sented by a signal-flow graph of order one.
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